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Abstract-The necessary and sufficient conditions under which similarity solutions exist for free convection 
boundary layers adjacent to flat plates in porous media are examined in this paper. For steady free 
convection it was determined that similarity solutions exist for vertical plates when the temperature 
difference between the wall and the environment varies according to power-law and exponential forms and 
for horizontal plates according to power-law forms. Also, several very specific solutions exist for unsteady 
free convection about flat plates in a porous medium. For a stable thermally stratified environment. 

similarity solutions exist only for steady free convection about vertical plates. 

NOMENCLATURE 

0, wall-to-environment temperature difference 
function defined in equation (19); 

A, arbitrary constant defined in equation 

(39); 
h, similarity transformation function for 

independent variable, defined in 
equation (16); 

B, arbitrary constant in equation (79b); 

(‘3 similarity transformation function for 
stream function, defined in equation (17); 

c,, .1 c,o, arbitrary constants defined in 
equations (22)-(26); 

C 11, environmental stratification arbitrary 
parameter defined in equation (37b); 

C,Z,...,C33, arbitrary constants of 
integration ; 

CT specific heat ; 
D,.D,, arbitrary constants defined in 

equations (54) and (75); 

E, energy of convected fluid in the boundary 
layer; 

.f; similarity stream function variable ; 

9, acceleration of gravity; 

K permeability of porous material; 
k,-, k,, k,, thermal conductivity of the fluid, 

composite material, and porous material, 
respectively ; 
arbitrary plate length ; 
power-law exponent defined in 
equation (45); 
power-law exponent defined in 
equation (70); 
power-law exponent defined in 
equation (80); 
pressure ; 
local heat-transfer rate; 
normalized time ; 
temperature ; 

Darcy’s velocity in X direction; 
Darcy’s velocity in Y direction; 
vector velocity; 
normalized coordinate parallel to surface ; 
dimensional coordinate parallel to surface ; 
normalized coordinate perpendicular to 
surface; 
dimensional coordinate perpendicular to 
surface. 

Greek symbols 

thermal diffusivity-ratio of composite 
material conductivity to fluid heat 
capacity; 
thermal coefficient of expansion of fluid ; 
angle of inclined plane measured from 
horizontal; 
normalized boundary-layer thickness; 
constant defined in equation (41); 
independent similarity variable; 
temperature similarity variable; 
normalized temperature; 
constant defined in equation (66b); 
viscosity of fluid ; 
density ; 
ratio of composite material heat capacity 
to convective fluid heat capacity ; 
dimensional time ; 
porous material porosity ; 
normalized stream function ; 
dimensional stream function. 

Subscripts 

f? refers to convective fluid ; 
0, denotes reference quantity; 
s, refers to solid porous material; 
x,y.t, denote partial differentiation with 

respect to normalized independent 
variables ; 
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X. )‘.T, dcnotc partial differentiation with environment. In \ iew of the extranrdinarx length ofthc 
respect to dimensional independent paper. numerical results for ph)sicall~ i‘eaGblc \I)- 
variables: lution\ will be presented in sub\equcnt paper\, 
rcfcrs to wall: 
refers to boundary-layer edge : 
&motes conditions at infinite. 

2. GO\ ERYIYG EQI’ 4TIORS 

1. INTRODLCTIO\ 

THI.KE has recently been considerable interest in the 
study of free convection in porous media because of the 
present and potential USC of geothermal cnergq for 
power production. Most of the earlier theoretical 

studies arc devoted either to the study of the onset of 

free convection by linear stability analysis [ 1 31 or to 
the study of temperature and velocity distributions in 
cnclosurcs heated from below by numerical methods 

[4 91. Recently. a number of similarity solutions ha\e 
been obtained by Cheng and his co-workers [IO l-71 
for steady free convection about impermeable surface> 
cmbcddcd in a porous medium with no ambient 

tcmpcrature stratification: in all of these a~~lysea, 

boundary-layer approximations are employed and 

power form variations of wall temperature distri- 
bution arc assumed. Comparison of theory and expe- 
rimental data shows that the boundary laqcl- approxi- 

mations in porous layers are valid for moderate to high 
Rayleigh numbers [l3]. 

To simplify the mathematical an;llysis. the I’olloM ~ng 
assumptions will now bc made : ( I i the Ron iy if-- 

Gently slow such that the convcc~~~~~ tlulti :mcl porou> 
medium arc in local thcrmod! namic equilibrium. I ? i 
the fluid and the porous medium ;Irc homopcnc~>u~ 
and isotropic. (3) the prcssurc and temperature :II-L‘ 

such that the lluid remains in the liquid phahc. (4) the 
porous medium is full> saturat4. (5) Dare!‘\ I:IU I\ 

valid in thcrmaily active systems. (6) the BousGncsq 
appro.ximation is valid. i.c. the tluid densit! C:II~ bl: 

taken to be constant except in the buoyancy force tcrnl. 
and (7) other tluid and porou\ medium propcrticzs arc 
constant. With these assumption, the equation for the 
conservation d mas5 i\ 

\ \’ -: I), I I 1 

whcrc the Boussinesq approximation has removed ~hc 
density term in the equation. The \cctor V is the mc:~n 

velocity flux. or Darcy velocity. and is smaller than the 
actual mean Isclocity in the interstice5 of the porc)u\ 

medium by a factor 4, the medium porosity. which has 
a value less than one. 

It is the purpose of this paper to apply a formalircd 

approach to obtain all possible similarity solutions fol 
free comcction boundary layers in ;I porous medium 
ad.jaccnt to Hat plates. including unsteady cams and 

those with ambient thermal stratification. The so- 
lutions presented wc~-e obtained not by assuming 
spccitic wall-to-atnbient temperature distribution 

forms, but rather by deriving the solution forms from 
similarity conditions. This approach not onl! results in 
more general solution forms than those obtained b! 
Cheng and his co-workers. but results in all othcl 

possible solution forms. 

The equation for the conser\ ation of cnerg! can 1~ 
~zrittrn 21s 

The method employed in the present paper is similar 
to that used by Yang [IS]. Checsewright [ 161. and 
Gebhart [ 171 for convective boundary layers in \ is- 
WLIS fluids. It consists of defining a new independent 
variable and two dependent similarity 1 Cables in 
terms of gencrali/cd transformation variables. When 
these similarit) variables arc substituted into the 

boundary-layer equations, they are reduced to it \ct 01 
ordinary differential equations only if the coefficients 
of the similarit> variables and their derivatives can bc 
III& constant. These coefficients when made constant 
arc rcferrcd to ah similarity conditions: they usualI! 
cont;iin derivati\c\ of the transformation ~ariablcs 
and arc thus differential equations thcmscl\cs. An! 
solution to the similarity conditions which will result 
in explicit forms for the transformation ~ariablcs. will 
transform the original set of equations into a set of 
ordinary differential equations. and these are called 
similarity equations. After each solution is obtained. it 
is examined for physical feasibility. including whether 
<)I- not it leads to an unstable thermally stratified 

([‘c,,),,;I: i (~‘oc‘,,l,\“\~‘~ r h,,,C2?. I’2 1 

or in the equivalent form 

rs7:+V.\‘T ~- zv-7: ill)1 

where r denotes the time: JJ,, denotes fluid densit!, 
at a reference temperature T,,; f pc‘,),,, and Ic,,, arc 
the composite material heat capacity and thermal 

conductivity defined b> (IL‘,,),,, : i I - ~)(,~(‘,,),,~t- 

&l’“C‘,), and k,, = (I --r$)k,+qG, with the sub- 
scripts “\“ and “I ” rcferrtng to the porous medium and 

the Iluid, respectively : CT and 2 arc dcfinsd b> fi 

= (i~c‘,),,, ({I,,(.,,), and % -= X,,, ~/J,~C !‘I!. 
The Darcy’s law can be written ;I\ 

; v = /,,-y --- vp. 13) 

where y is the gravitational acceleration. K is the 
permeability of the medium, /L is the viscosity of the 

fluid, and P is the fluid pressure. 
If the density of the fluid can be assumed to be a 

linearly varying function of temperature. the equation 
of state can be written ah 

,‘, = (J<,[ I ~-/ir7- -/,,)]. 131 

where /j is the thermal cocfficicnt of expansion of the 
tluid. Equations (1 )-(4) arc the go\crninp equations 
for free convection in a porous medium. 

Consider a flat impermeable plate, with an mclincd 
angle j’. embedded in ;I porous medium 21s shol\n it1 

Fig. I where X and Y arc the coordinates parallel and 
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does not induce fluid motion, i.e. a stable environment 
is assumed. As we shall see, the nature of the similarity 
transformation of the independent variable does not 
allow the boundary conditions at x = 0 or the initial 
conditions to be independently prescribed. 

FIG. 1. Coordinate system. 

perpendicular to the plate. We will specify that the 
surface temperature T, is everywhere greater than, or 
at least equal to, the surrounding temperature T,. This 
specification is not restrictive since the results for the 
case where 7” ,< T, can be obtained from the results 
obtained in this paper by a simple change of coor- 
dinate. The specification is made to aid in determining 
physically realistic solutions as will be explained later. 

We now introduce the stream function Y, defined as 

u = Y’,, U= -Y,, (5) 

where u and u are the Darcy’s velocities in the X and Y 
direction, such that the continuity equation is satisfied. 
In terms of the stream function and temperature 
equations (2) and (3) can be written as 

yx,+yw = ~PoBg 
(Tr sin y - TX cos y), (6) 

P 

aT,+Y,T,-Y*T, = a(T,,y+ Try). (7) 

It is convenient to express equations (6) and (7) in 
dimensionless form, and for this purpose, we define the 
following dimensionless quantities: 

$ = Y/a, 0 = 9 (T-T,,), (8a,b) 

t=-$ x=X/L, y= Y/L, Pahc) 

where L is an arbitrary length. In terms of the 
dimensionless variables, equations (6) and (7) can be 
written as 

$,, + $y, = 0, sin ‘/ - 0, cos ^J, (10) 

0, + $,,O, - Il/#, = o,, + a,,,. (11) 

We now assume that convection takes place in a thin 
layer adjacent to the heated surface so that the change 
in physical quantities, with respect to x, are small 
compared to those with respect toy. From an order of 
magnitude estimate it can be shown that equations 
(10) and (11) can be approximated by 

$),, = O,siny-@,cosy, (12) 

0, + $,O, - $,O, = o,,. (13) 

If an impermeable surface with prescribed tempera- 
ture is embedded in the porous medium, the boundary 
conditions at the wall are 

y = 0, $, = 0 and 0 = 0 (14) 
At a great distance from the wall, i.e. w; + co, the 
velocity parallel to the plate is not affected by the 
heated surface. Thus, we have 

y-*x, +,=O and a=@,, (15a,b) 

where equation (15a) implies that any variation in 0, 

Similarity conditions 
We now examine the necessary conditions for which 

similarity solutions exist. To this end we now define a 
new independent similarity variable 

II = YHX, r), (16) 

and two new dependent similarity variables 

f(V) = ti(x, 4’3 t)/c(x, rk (17) 
and 

0) = [0(x, Y, t)-@,, (x3 t)lla(x, f), (18) 

where 

a(x, t) = Ow(x, t)-07,(x, t), (19) 

and b and c are the transformation variables to be 
determined. 

By using equations (16)-(19), equations (12) and 
(13) can be written in the following form: 

f”+(C,~-C,)Q’+C3e+c, = 0, (20) 

tY-C5f’~-C6f’+C7ffY 

-c,i$Y--CgB-c,, = 0, (21) 

where 

Ci =$COsy, C, =Esin;l, (22ab) 

c3 +osy, c, =gcosI. (23ab) 

co 
c5 =2, C6 =*, (24a,b) 

c, =2, c, +, 
3 

cg = $, Cl0 =$. Wab) 

We now observe that equations (20) and (21) 
become ordinary differential equations only if the 
quantities Cr, C,, . . . , CrO, as given by equations 
(22)-(26) can be made constants with respect to x and 
t. The requirements that these quantities are constant 
will lead to explicit expressions for a, b, c, and 0 ~. 

In terms of the similarity variables, the boundary 
conditions, equations (14) and (15), become 

q=O, f=O and 0=1, (27a,b) 

‘I -+ co, f’ = 0 and Q = 0. (28ab) 
It should be noted, as in the case of similarity 

solutions for viscous fluids [15], that because of the 
nature of equation (16), specifying the conditions at JJ 
= 0 and y -+ cc are all that are required to solve 
equations (20) and (21). This means that we cannot 
independently specify the initial temperature distri- 
bution or boundary conditions at x = 0, but must 
accept whatever distribution and conditions result 
from the specific solutions obtained. For many so- 
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lutions, the resulting conditions will match the physi- 
cal values that may be desired, however. some so- 
lutions will not; a specific case where the latter 
situation occurs will be discussed later. 

It should be noted that the oppohitc of the .tbo\c 
conditions will hold for the transient case where the 
boundar> layer is decaying with time (both 11 and 1.. 
will bc decreasing with time). 

Hetrt- trntl IJl(/.\.\_fl.Illl\fPr quunririt,\ 
It is convenient at this point to express a number of 

heat- and mass-transfer quantities in terms O~LJ, h. and 
c. The local surface heat flux is given by 

q, = - km[T,] n, = 
t 
-~~T!~- - ah[ - ff(O)]/L 
\/‘“RYKL 1 
= L,,,(r,, - 7‘, Ih[ -O’(O)]~L. (29) 

This equation shows a relationship between the sur- 
face heat flux and the wail-to-ambient temperature 

difference. Thus, although the similarity solutions 
given in this paper assume the wall-to-ambient tcm- 

perature difference is to be prescribed, we could have 

just as well assumed that the surface heat flux (i.e. 
temperature gradient at the wall) is to be prescribed: 

thus the following similarity solutions are applicable 
to both cases. 

The velocity component parallel to the surface in the 
boundary layer can be written as 

and the energy convected in the boundary layer at anq 

Y and r is gibcn bq 

Finally, if we arbitrarily define the thermal boundary- 

layer thickness as the point at y = (5. or v = v,,, where 
B = 0.01, we have from equation ( 16) 

tE = ~,,/?!I. (32) 

To examine the feasibility of the solutions, several 
factors must be considered. The first concerns whether 
the solution describes physical realizable flows. For 
the case where T,,. 2 T, . it can be assumed that the 

velocity parallel to the plate IL the boundary-layer 
thickness ii, and the total energy convected E, will 
increase or at least be constant with respect to s [ 171. 
These conditions must also hold for transient cases 
where the boundary layer is building up with time. It 
follows from equations (30). (31). and (32) that: 

(i) hc must be constant or increasing 
with x or t; 

(ii) b must be constant or decreasing 
with s or t; 

(iii) UC must be constant or increasing 
with .Y or r.* 

*An exception to condition (33) occurs for the case of the 
exponential solution where 6 (which is not zero at Y = 0) can 
decrease with increasing II and E [20]. 

A second factor affecting feasihilitj IS whcthcl- the 
resulting similarity equations can satisfy the boundar) 

conditiona at infinity. It is worth noting that higher 
derivutlvcs of 0 and 1” must approach zero outside I tw 
boundary laqcr as is evident from physical COII- 

siderations. Applying these conditions at infinite t17 
equations (30) and (2 I )_ wc conclude that 

(1 - (18, (I I.:‘&LbJ 

Equation (34b) togcthcr with equation (16h\ imphcs 
that 0 , I = 0. i.e. 0, must in all cases be independent 

of r. For an inclined or a horizontal plate. equation 

(34a) together with equation (73b) implies that (-1 
must be independent of Y. 

A third factor, also related to satisfying boundark 

conditions, occurs for the solutions where the siml- 
larity equations reduce to #‘” = 0 and/or 0” =: 0. 

Neither of these equations can truly satisfy equa- 
tions (27) and (28) and result in flow with boundary- 
layer behavior. Thus any solution resulting in either of 
these forms forf’or 0 is considered infeasible, and will 

not be presented in the following as a possible solution. 

FOI- free convection about : rrtical or mchn~d 
surfaces. ;I fourth factor affecting feasibilitb concern\ 
whether the solutions result in a stable environment. 

Within the framework of the Boussinesq approxi- 
mation, a itable environment requires that the dcnsir! 
must hc constant or decreasing with incrca\iny j 
(p,., < 0). This implies that the surrounding tem- 
pcraturc must be increasing with \ (i.c il, , .. $11 ,LX IS, 

evident from equation (4). It follows from ~‘quat~on 
(24b) and the fact that (1 and h arc positilc (ir can hc 
shown that (’ must also be positive I that 

(‘ (, ,> I). Ii51 

Equation (35) is a sufficient condition that r‘nsurc\ ;S 
stable stratified environment for which no motion 

exists outside the thermal houndal- layer. In rcalit:, 
since density also depends on pressure which dccrcasci 
upward, the necessary condition for a stable cnvirorl- 

ment is that the actual density stratification he greater 
in absolute magnitude than the “adiabatic” one 
[17.18]. - 

In this section the possible similarity solutions III 
free convection about a plant surface in :I porotih 
medium will be derived. As is evident from a thorough 
study of equations (22).-(26), there are no explicit 
expressions for LL b, c. and 0, which result in non-zero 
values for all of the eight arbitrary constants (‘,. where 
i = I, 2, 7. 5.. _. 9. In other words, since there ‘lrc onI\ 
the four unknowns. ~1. h, c. and 0 , , the general 
similarity conditions result in more equations than 
unknowns and therefore are not all independent 
equations. The approach then is to examine particula- 
rized cases (e.g. steady flow over vertical platcsi whcrc 
some of the C, are zero and where the remaininp 
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similarity conditions contain no more than four 
inde~ndent equations. 

For any particular problem we must choose arbit- 
rary non-zero values for four of the Cis involved in a 
solution. Any other of the eight constants involved in a 
particular solution will not be arbitrary but will be 
related to those assigned a value. For example, from 
equations (22a), (23a), (24a), and (25a), one relation 
among four of the constants that is used in the 
following analysis is 

+Lz&2+. 
3 5 

(36) 

However, it is our purpose in this paper to leave the 
solution in a general form in order to enhance the 
range of applicability. Thus we will assign values to the 
Ci only when generality in the forms of the unknowns 
is not affected. Where practical we will use constants of 
inte~ation to m~ntain generality, as we desire to 
assign values to as many of the Ci as possible in order 
to make solutions of the similarity equations as general 
as possible. In many cases we have defined new 
constants related to the C:s in order to obtain a simple 
form for a, the prescribed temperature difference 
between the wall and the environment. 

Because of the similarity between equations (24a) 
and (24b), we find that expressions for 0, will depend 
on whether a, is zero or non-zero. 

(A) For a, # 0, we have from equations (24a) and 

(24b) 
@,, = %a,, (37a) 

where 

C,, = G/C,. (37b) 

Integration of equation (37a) gives 

0, = C,,a+C,,, (38a) 

where C,, is a constant of integration. Combining 
equations (19) and (38a) we have 

0, = (l+C~,)u+C,,. (38b) 

We note that Ci 1 can be taken as an arbitrary constant 
parameter, instead of Cgr if desired. It follows from 
equation (38a) and (38b) that C,, = 0 results in the 
case of isothermal surroundings, and Cr, = - 1 cor- 
responds to the isothermal wall solution. 

(B) For a, = 0, i.e. a = A = constant, we have from 
equation (19) 

@,=A+-@,, (39) 

and it is found that 0, can take on two different forms. 
(i) When b and c are not constant, we can eliminate 

b from equations (24b) and (25a) to obtain O,, in 
terms of c, which can then be integrated to give 

0, =$Alnc+Czl. (4Oa) 
I 

(ii) When b and care also constant, we can integrate 
equation (24b) to give 

0, =$k,x+C,,. 

Since the form of 0, depends entirely on the form of 
u, b, and c, it is not necessary to consider the similarity 
conditions involving 0, further. This means that in 
maintaining generality in the form for the unknowns, 
we can arbitrarily assign values for up to three, instead 
of four, of the constants in a solution. 

In the remainder of this paper, we will present the 
possible solutions to equations (22)-(26). We will 
consider the steady state solutions first, followed by the 
unsteady solutions. 

Case 1. Steudy@ee convection about vertical 
fiat plates 

For this case (y = x/2), we have C, = C3 = C4 
= C, = Cg = C,, = 0. We now solve for a, b, and c 
taking the remaining quantities C2, C,, and C, as 
constants. Equations (22b), (24a), and (25a) can then 
be combined to give an equation in terms of c, which 
when integrated gives 

,“-i)‘&cX = Cr3, (41) 

where C,s is a constant of integration and E = C&Y,. 
The form of the integral of equation (41) depends on 
whether E # l/2 or E = l/2. 

(A) Power-law variation with x. For E # l/2, equa- 
tion (41) can be integrated to give 

c = (c*sx+Ci‘+)~(2~-i), (42) 

where we have defined Ci, = [(2c-l)/&]Ct3. From 
equations (42), (25a), and (22b), we can obtain 

b=C15 & 
i ) 
~ [C,,x+C,,J”-““‘2”_‘f, 

c7 2&--l 
(43) 

CL,, 8 
a = ___ 2E-1 

G i ! 
[C,,X+C,,]~/(~~.-~). (44) 

In order to simplify and yet maintain a general form for 
a, we define a new constant 1y1, as m = l/(2&- l), and 
arbitrarily select C, = 1, and C, = c/(2&-- 1). The 
expressions for a, b, and c then become 

a = C,,(C,,x+C,,)m, (45) 

b = C,,(C,,x+C,,)‘“-‘“2, (46) 

c = (c,,x+c,,)‘“+‘“2. (47) 

Taking 0, from equation (38a), equations (24a) and 
(24b) show that 

C, =m and C6=C,,m. WW) 

With these values for C,, C,, C,, and C,, equations 
(20) and (2 1) become 

f”-B’ = 0, (49) 

P+m$ ffT-mf'(n+c,,,=o. (50) 

It should be noted that equations (45)-(47) are also 
valid in the special case where m = 0, which cor- 
responds to a constant temperature difference solution 
with a = A = constant. This case allows 0, to take on 
the logarithmic form given by equation (4Oa), 

0, = C,Aln(C,,x+C,,)+Ci~, (51) 
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where we have arbitrarily assigned C; = 1,2 and O,,. is 

given by equation (39). We also have from equation 
(48a) that Ci = 0. and consequently. equations (20) 
and (21) are given by 

,/ ” - ii’ L 0. 15’) 

0” + :,/!I’ - C,,,j ’ = 0. 153) 

Consideration offeasibility for the ;: # 1 2 case leads to 

restrictions on the value of JK Conditions (33) show 
that d will be constant or increase with z if 111 < 1 and 
that the same is true for 11 if 1~ >, 0. The convected 

energy will be increasing with x if 111 > - 1,‘3. Thus, we 
conclude that the present case is physically realizable 

for m in the range 0 < m d 1. If equations (45) and (46) 
are substituted in equation (29). WC find that 111 = I 3 
corresponds to the constant surface heat flux solution. 

Equations (48b) and (35) show that UK,, must be 
positive for a thermally stable environment. Since UI is 
restricted to be positive. wc find that C,, > 0. This 

expression rules out the possible similarity solution fog 
an isothermal vertical wall in a thermally stratified 

environment (C,, = -~ Il. 
We notefromequations (30). (32)and (J5)-(47 1 that 

if CIA # 0. then II and 8 will not vanish at .I = 0. 

meaning that some plate length and temperature 
difference must precede .Y = 0 III order for the 
boundary-layer thickness to build up. Thus. one effect 

of C,* is merely to allow a shift in the s-coordinate. II 
we assume that z = 0 corresponds to the leading cdgc 

of the plate. we have c‘r, = 0. and a simplified general 
form for U. h, and (’ can bc written as 

(, = D, \“‘. h = (I), Y”’ 1)’ 2. 

c = (D,x”“‘)’ 1. 
(.54a.b.c) 

where we have defined D, = C;‘; ‘. For the special case 

OfC,, = 0 (which corresponds to a vertical flat plate 
with power-law variation of wall temperature distri- 

bution in an isothermal surrounding), numerical sol- 

utions to equations (49) and (50) with equation (54) 
have been obtained by Cheng and Minkowycz [IO]. 

(B) E.xpo~wr~ritrl rwi~~tio~~ wirh x. For the case where 
i: = 1 !2. we can integrate equation (41). giving 

1’ = C’,(, exp(C1lY). (55) 

where C,, is a constant of integration, Then h and c’ 
from equations (25a) and (22b) become 

(56) 

(‘L(‘ihC‘,.3 
LI = ~---~ exp(ZC,,.s). 

C‘.. 
(57) 

To simplify the expression for (1. yet maintain gcnc- 
rality, we define C,- = 2C,. C,, = Cf,,C,-. and 
arbitrarily let C2 = I. and C- = 1.‘2. Equations (57). 
(56) and (55) then become 

0 = C,,exp(C,T.v), 158) 

h = (C,xC,-)l ‘exp(C,,.Y 2). (59) 

(’ = (C‘rx, C,~)‘~‘exp(C,~z’2). (60) 

Also w’e find from equation (2-h) that c i :- I, ;tmi 

using equations (37b) and (3821) the similarity qua- 

tions given by equations (20) and (II I for this cast arc 

Equation (59) shows that at no timtc value of \ dvc‘\ 
the boundary-layer thickness c go to *era. ‘Phc ‘;anic’ 
situation occurs with the exponential form for free 
convection about a vertical Aat plate in ;I \ iscous l‘iuid 
and is discussed by Gebhart and Moll~ndorf [ 19 j 
Their conclusion is that the soluti~rn is m_~mrr~$~~l JI 

the momentum and energy entering at the leading cdgc 
is small compared to that exiting at L. vvhere i. i< thc 
length of plate of interest. Mathematically. thiz I-I:- 
quires that C,- is large compared to unit>. This 
problem arises in connection alth not bcmg ahlc I\> 
specify boundary conditions at .\ =: 0 due to the natu~: 
of the \’ to 11 transformation, as previously mciitionc~i. 
The exponential solution appear\ phy &ally rcalisr ILI 

even though II and E are increasing with \ \+ hilt ;i 

decreases with 2. 
(CI So/utiort,/or um~tanr ;I OII~ b. IF ‘i and h arc btjth 

constant. then equation (22b) shovvs that c iXLi\t hc 
constant also. The only variation allow~~l i\ in (-1 
which is given by equation (4Ob). Wc can simplify 
equation (40b) by letting h = I anti I 1. obtainin: 

C-1 = c \ ~c ( r, ., , 

The similarity equattons for 111~‘ prewnt probIer? ,!w 

)! -/ YZ / i i 4 i 

(I” - <‘,, 1 iI ::;i, 

This solution. although physically realistic. .tpphcj 
only to the special situation where (i. !I. anti I .ifL' 

constant with I. We note that equations (64) and (65) 

are readily solvable in closed l’orm. 

For a plane inclined at an angle ;’ with rsspect to ihc 
horizontal, we have CA = C‘i; -= C ‘) = C,,, -: 0. 'Thus 
similarity solutions exist if C,. C‘, C‘3. C.,. and C’. LXII 
be made constant. As in Cast I. we first assume that 
CL, C‘,. and C, are constant which Izads to an ordinary 
differential equation for (’ given by equation (41 i. 
Further integration of equation (41 ) depends on 
whether L # I.:2 or 2: = I, 2. It can bc shown (set \2(J] 
for details) that. for the former LXX. the solution 15 not 
physically realizable as both rt and f_’ are ~OLIII~ to 

decrease with .x. while for the latter case It is not 

possible to make C, independent of .x. 
Although no exact feasible similarity solutiona I‘OI 

free convection about inclined plates in :I porouy 
medium wet-c found. approximate joIntions cxi\t il MI‘ 
make the assumption that the cl&t of the normal 

component of gravity L C’lll bc neglected. i.e 
g(cos;,)T, cc y(sin;,)T,. In tht\ case the solutions ii~ an 
inclined plane will be identical to those for :I verticai 

plate if 4 is replaced by 6~ sin 
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Case 3. Steadyfiee convection about 
horizontal plates 

For this case (where 7 = 0), we have CZ = C4 = Cs 
= C, = C,, = 0. Since 0, must be independent of x 
for a horizontal plate as discussed earlier, we have 
therefore C6 = Cl1 = 0. Similarity solutions exist for 
this case if we can find a, b, and c such that C1, C3, Cgr 
and C, become constant. We can make use of equa- 
tions (22a), (23a), (24a) and (25a) to obtain an 
equation for c, which can be integrated once to give 

c _‘c, = Cl% (66a) 

where Cl9 is a constant of integration and 

1 = C1C,/(C3C,). (66b) 

Further integration of equation (66a) leads to two 
different forms depending on the value of i as follows. 

(A) Power-law variation with x. For 3. # 1, equation 
(66a) can be integrated to give 

c = (C,,x+C,,)“‘I-“‘, (67) 

where we have defined C,, = (1 -I)Cig. Using equa- 
tions (67), (25a), and (23a), we find 

b= (68) 

a = c,~:~~/.) [C,,X+C,,](““)~(‘-“). (69) 

Maintaining a simple general form for a, we define n 
= (2 + A)/( 1 -A), and arbitrarily set C, = l/( 1 - 1) and 
C3 = n. Equations (69) (68), and (67) then become 

a = Cz1(Czix+C,,)“, (70) 

b = C,,(C21~+C20)(“-23’3, (71) 

c = (C,,x+C& cn+ 1)/3 . (72) 

With the above values for C3 and C,, we can show that 
C, = n and C, = (n-2)/3, in which case equations 
(20) and (21) become 

f” + (q)qQf+ nt9 = 0, (73) 

Q” - nf 'Q + “g fW = 0. (74) 

To determine the feasible range of n, we first 
consider the boundary-layer thickness, which is con- 
stant or increasing with x if n < 2. The requirements 
that u and E be constant or increasing with x gives n 
> 1 j2 and n > - l/4 respectively. Thus we conclude 
that n must be restricted to the range l/2 < n < 2. It is 
worth noting that a constant surface heat flux solution 
for a horizontal flat plate occurs when n = l/2. Fur- 
thermore, if we set C,, = 0 in equations (70)-(72) 
which amounts to a shift of the coordinate system in 
the x-direction when the boundary layer does not 
begin at x = 0, equations (70)-(72) can be rewritten as 

a = DZx”, b = (D2~n-2)1’3, 

c = (D2x”+ 1)1/3, (7W,c) 

where we have defined Dz = C;: ‘. Note that 0, and 
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0, are given by equations (38) with Cl1 = 0. The 
numerical solutions to equations (73) and (74) have 
been obtained by Cheng and Chang [12]. 

(B) Exponential variation with x. Proceeding as in 
the previous case, for I = 1 we can obtain c from the 
integration of equation (66a) (using Cl9 as a constant 
of integration) and obtain b and a from equations 
(25a), (23a) and (24a), with the result 

a = C,,exp(C,,x), (76a) 

b = (C24C23)“2 exp(C23x/3), (76b) 

c = (c24/c23)1’2 exp(C23x/3)a (76~) 

where CZ2 is another constant of integration, and 
where we have defined CZ3 = 3Cig, C24 = Ci2C23. 
To simplify the expression for a in equation (76), we 
have arbitrarily set C, = C, = l/3, and thus C3 = C, 
= 1. With these values, equations (20) and (21) 
become 

f”+fqQ’+ 0 = 0, (77) 

Q” - f ‘Q + ffQ’ = 0. (78) 

The discussion in Case 1-B also holds for this solution, 
and we conclude that the solution is meaningful if the 
value of C,, is large compared to unity. 

Case 4. Asymptotic solutions for unsteady free 
convection about inclined planes 

The first set of unsteady solutions considered here 
are ones where there is no variation of any variable in 
x. These cases are referred to as asymptotic solutions, 
and are valid only at sufficiently large distances from 
the leading edge such that changes in the variables with 
x can be considered negligible. When all derivatives 
with respect to x are equal to zero, we find that C, 
= C3 = C4 = C5 = C, = C7 = C,, = 0. Thus we 
only need to find a, b, and c such that C,, Cs, and C, 
become constant. From equation (25b), it is apparent 
that C, will be a constant when 

b = (C25-2C8t)-1’2, (794 

or if 

b = B = constant, (79b) 

where CZ5 is a constant of integration. 
(A) Power-law variation with time. With b given by 

equation (79a), we can obtain a and c from equations 
(26a) and (22b) to give 

a = CZ6(C,, -2C,t)P, (80) 

c = C,,(C,, -2C&+“2, (81) 

where CZ6 is another constant of integration, p = 
-C9/2C8, and we have arbitrarily set C, = sin?. It 
follows that the similarity equations become 

f u - (sin y)el = 0, (82) 

8” - C, [r/Q’- 2pQ] = 0. (83) 

Equation (80) shows that the constant CZ6 should 
always be positive to maintain 0, 2 O,, and the 
quantity (C,, -2&t) should always be positive for 
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any value ofr. The wall and surrounding tempcraturcs 
can be made to increase or decrease with time by 
proper choice of the constants CLi. Cs. or p. For the 
case of a transient solution with boundary-layer 
thickness increasing with time and zero initial thick- 

ness. we find from equations (32) and (79a) that CZi 

must vanish and CH cc 0. We find also that wc must 
have 17 > 0 if II is to increase or be constant with time. 

For the cast when the boundary-layer thickness is 
linirc at i = 0 and starts to decay for t > 0, the I alue of 
I’, i will have a non-zero value and we again find ,’ 2 0 

for decreasing or constant II. Examination ofequations 

(29). (79a), and (80) shows that a constant wall heat 
flux solution exists for p = l,?. 

(B) Esporle~lrial ruriatim with rime. t:or h = R 

= constant we have C, = 0, and we can obtain (I and 1’ 
from equations (26a) and (22b) to give 

(X4) 

(85) 

where Cl7 is a constant of integration and we have 
arbitrarily set C2 = sin;’ and C4 = 1. With these 
values we have the following similarity equations, 

,I “- (sin;s)V = 0. (86) 

0” -- 0 = 0, (87) 

which we note can be solved in closed form. c‘?- must 
be positive, cons~quentiy velocity and convected en- 

ergy must be increasing with time. The boundary-layer 
thickness. however. will remain constant. 

Cl7.w 5. C~rlstrtrtl~jire cor7rectior7 dmt rwtic*al plLrtrs 

For this problem (where ;s = n,‘2). we have c’, = C_3 

=C,=C,=C,,,=O.Ifwecanfindu,h,andcsuch 

that C,. Cj. C’,, C,, and C, are constant, then 
similarity solutions exist. It is noted that theconditions 

for which CZ, C,. and C7 are constant have been 

obtained in equations (42)--(44) where C,, and C,, 
can now be functions of time. The conditions for which 
C,, C, and C, arc constant arc given in equations 

(79) (Xl) where CLS an d C1, can now be fLlncti~~I~s of 

.Y. Compatibility between these sets of equations can 
occur only if the various constants of integration can 

be defined such that u. h and I’ from each set of 
equations can be made equal. Taking b for example, we 
have from equations (431 and (79a) [we note that the 
use of equation (79b) does not result in a solution for 

this case] 

= [CZ,(u)-2C,1]- ’ 2. (88) 

A careful cx~~mination of equation (88) shows that the 
equality will hold when c = 1 and :: = FL ~ or when II! 
= IandIn-Osincer?t- L(2;:--I). 

(A) Product combinarion qf’x and t(c: = I). In this 
instance equation (88) reveals that CZS must be a 
constant and that 

C,,(t) = C-[Czs-2C,f]- 1 z. (89) 

Using equation (89) and requiring a and c from each 
set be equal, results in the expressions 

If = (‘,(CY.Y+ I‘,,) I(. 2’ ?(‘,I j. I 00 I 

where CZx is an arbitrary constant and where we hnlc 

defined C,,(r) = C,,(CL;- X‘,ir ! ‘and CZ,,(\l 
7 fZiC-.y t c‘,,). We note that f& these equations. 13 
=- - I. which is not a feasible 1~11uc :I< it Icads ti” 
conflicting time variations of J wit11 I( and ti: WC thuh 

conclude that this solution i:, not physically rsalizabtc. 
I B) f.ittc~r, si~~?~~~~~~rj~)f~ rd x ~ti I(; -. L ), An in- 

vestigation of this case reveals that the only \crluti~~n 

possible occurs when LI is constant. and from equation 
(44). we ha\e (I = :1 = c‘,C‘,. .1(‘-. which can bc 
simpli~ed by ~trbitr~~rily defining Cm2 = 1. and C 

= l/2. From equation (80) we also have !I = 0 and C ?,, 
= ,A, and from equations (24a) and l2ha 1 wc obtain C’ 
=: C,, = 0. B!, defining (‘,,cr\ 1’((‘,,--X‘,~I and 
c2s(s) = xi,4 t c-29 where CZs is an arbitrary con- 
stant, the expressions for h and c can be shown to 

become 

and f.92a.b) 

‘>I 2 

c= A 

The similarity equations can then IX written ah 

j” -I)’ Z 0. (93) 

ii”+ + /7Y - (‘,rlii’ ; iI. (94) 

Since p = 0 and m = 0 are within the physically 
realizable ranges for a vertical plate, we conclude that 

the solution is feasible. For C1, = 0 and C, < 0, the 
solution will apply to a growing boundary layer with 

zero thickness initially. If CZ9 # 0 and C, > 0, the 
solution will apply to a decaying boundary layer. 

Case 6. Unsready free convection ahour 

horizontal pfatas 

For this problem we hare C‘, = C, = C’, = c‘,,, 
= 0, and we will try to find theexpressions for ~1. h, and 
(2 which satisfy the other similarity conditions. The 
expressions for n, h, and c such that c’,. Cwi, Ci, and C‘- 
are constant are given by equations (67).- (69), whereas 
the expressions for (I and h such that c‘* and Cg are 
constant are given by equations (79a) and (80). As 
before, requiring the two expressions for h to he equal. 
we have 

= [C’,,(r)--?C,fJ 1 2. (YSl 

This equality holds for 2. = 0 and i = -. 1 or for 11 = 2 
andrt = 122sincen = (2ii.);(l -/I. 
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(A) ~r~uct co~bi~~tioI~ ofx and t (2 = 0). For this that since a times b equals a constant, this case is 

case, equation (95) shows that Gas must be a constant equivalent to a constant wall heat flux solution as is 

and evident from equation (29). 

C,,(t) = [Cz,-2C*t]-1’2C7. (961 

Using equation (96), requiring a from each set be 
equal, and obtaining c from equation (25a), we have 

u = $? (C,,-2C*t)-3’~(C,X+CJ0)~, (97) 
7 

b = (C,, -2C,t)_ l/Z, (98) 

c = (C,, -2C,t)_ “z(C,x+ C&, (991 

where CsO is an arbitrary constant and where we have 
defined C,,(t) = C,,(C,, -2Csr)-“’ and CZ6(x) 
- (C,/ZC,)(C,x+ C30)2. Comparison of equation 
(97) with equation (80) shows that p = - 312, which as 
discussed previously is not a feasible value. We thus 
condude that this solution is not physically realizable 
and.will not be discussed further. 

(c) iheC?r SUUlJ?tUtiCJIl Of X Ulld t fir COIlSfaIlt teI?l- 

per&we dl~rence. For the horizontal plane there is 
also a solution for a = A = constant which is not 

directly obtainable from the previous solutions. We 
haveC,=C3=C4=Cg=C6=C9=C10=0,and 
we must make C,, CT, and C, constant. The equation 
for b is again given by equation (79a). Solving c from 
equation (22a) in terms of b and substituting into 
equation (25a), we find that C, can be constant only 
when 

[C~S(.y&, = 0, (1071 

resulting in C7 = 0. Integrating equation (107) twice 
yields 

C,,(x) = c32xs C33, (108 

where Cs2 and C,, are constants of integration. 

Table 1. Physically realizable solutions for flat plates 

Case 

I-A 
I-B 
i-c 
3-A 
3-B 
4-A 
4-B 
5-B 
6-B 

Flow state Plate angle 

steady vertical 
steady vertical 
steady vertical 
steady horizontal 
steady horizontal 

unsteady inclined 
unsteady inclined 
unsteady vertical 
unsteady horizontal 

Solution form 
for T, - T, 

Environmental 
stratification 

A 

Ae$&] 
At” 

Aexp[Bt] 

(AX i%,l/Z 

Yes 

Yes 

Yes 
no 
no 
no 
no 
no 
no 

(B) Linear s~~~ution of x md t (A = - 1). This case 
arises when C,,(t) and C2 5(x) are defined such that the 
quantities in brackets will cancel. Then C,, = 2C7 and 
we can define 

C*,(t) = -2C,r+C31, t1001 

C&I = 2C,x+C31, (1011 

where C,, is an arbitrary constant. From equations 
(36) and @fib) we find C5 = C7 and C1 = -C3. 
Requiring that a from each set also be equal and 
obtaining c from equation (25a), it can be shown that 

a =~(ZC,x+C,, -2C*t)“2, 0021 
? 

b = (2C,x+C31-2Cst)-1’Z, (103) 

c = (2C,x+C3, --2Csfy/2. uw 

The similarity equations are 

~~+c~(-~~~u)=~, (W 

eN+c,(fB’-f’8)-C*(~8’-8)=0. (1061 

We note that for the present problem n = l/2 and p 
= l/2, which are within the feasible ranges. This 
solution can be applied to growing or decaying 
boundary layers depending on the values of CJI and 
C,. From equation (103), we must require that the 
quantity (2&x + C3$ -2Cst)be positive. We note also 

Substituting equation (108) into equation (79~1) and 
(22a), we have 

u = A, b = (C32~+C33-2C,r)-‘52 
c = -AC,,/2C,. 

(109a,b,c) 

Applying the feasibility requirements to this solution, 
we find that it is impossible to make d and ZI both 
increase with .x at the same time. We thus conclude that 
this case is not physically realizable. 

4. CONCLUDING REMARKS 

A systematic method, was used to derive all the 
possible similarity solutions for free convection in 
porous layers about fiat plates. The solutions obtained 
in the present paper are more general than those 
ap~~ing in the previous publications and include the 
unpublished cases of unsteady state and thermally 
stratified surroundings. A summary of all physically 
reafizable solutions is presented in Table 1. 
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SOLUTIONS POSSIBLES DE SIMILITUDE POUR LES COUCHES LIMITES DE 
CONVECTIONNATURELLEADJACENTSA DESSURFACESPLANESDEMILIEUX 

POREUX 

Resume-On examine les conditions necessaires et suffisantes pour que des solutions de similitude 
existent ~on~ernant les couches limites de convection naturelle sur des surfaces planes de milieux poreux. 
Poar la convection permanente, on conclut que les solutions de similitude existent pour des plaques 
verticales quand la difference de temperature entre la paroi et i’environnement varie suivant des lois de 
puissance et d’exponentielle et, pour des plaques horizontales, suivant des lois de puissance. II existe aussi 
des solutions tres particuliires pour la convection naturelle non stationnaire sur des surfaces planes de 
milieux poreux. Dans le cas d’un environment strati% thermiquement stable, des solutions de similitude 

existent seulement pour la convection stationnaire sur plaques planes. 

MBGLICHE AHNLICHKEITSLOSUNGEN FUR GRENZSCHICHTEN 
NAHE EBENEN PLATTEN BEI FREIER KONVEKTION IN 

PORCjSEN MEDlEN 

Zusammenfassung-in dieser Arbeit werden die notwendigen und hinreichenden Bedingungen geprfift, 
unter welchen fiir Grenzs~hichten nahe ebenen Platten bei freier Konvektion in pordsen Medien 
~hnli~hkeitsl~sungen existieren. Es wurde festgestelft, dat3 bei stationBer freier Konvektion Ahnlichkeit- 
slijsungen existieren, wenn die Temperaturdifferenz zwischen Wand und Umgebung bei vertikalen Platten in 
Potenz- oder Exponentengliederform und bei horizontalen Platten in Potenzgliederform variiert. Es 
existieren such mehrere spezielle Liisungen fur instationare freie Konvektion an ebenen Platten in porosen 
Medien. Fur eine therm&h stabil geschichtete Umgebung existieren Ahnlichkeitsldsungen nur bei 

stationarer freier Konvektion an vertikalen Platten. 

BO3MOxHbIE ABTOMOAEJIbHbIE PEUIEHHII AJICr CBO~OAHOKO~BE~~BHbIX 
ITOFPAHWYHbIX CJIOEB Y TIJIOCKHX TIJIACTHH B I-IOPHCTbIX CPEAAX 

Amolslqm - AHWi3HpyiOTCR HeO6XOAUMbIe U AOCTaTOYHble yCnOBW8 LWI UOIIyYeHEiSl aBTOMOnenb- 

HbIX pe,UeHdi AAS CB060AHOKOHBeKTHBHbIX UOrpaHA’%HbIX CnOeB y UEOCKHX IInaCTEfR B UOpHCTbIX 

CpeAaX. HaiiAeHO, YTO B CJlyqae CTaIUiOHapHOii CBO6OAtiOk KOHBeKURW aBTOMOAeSbHbie pf%JeHUfl 

,i&lfi BepT~Ka~6HblX nnacTsiH BO~MO~WJ~, icorna pa3HOCTb TeMnepaTyp Mewly CTt.HKOsi R orpyna- 

IOIUe~ CpeAOs U3MeHlleTCII UO CTeEleEiHOMy tf 3KCnOHeHU~anbHOMy 3aKOHaM, a AWI rOp~3OHTa~bH~iX, 

KOl-Aa OHa I13MeHIIeTCII II0 CTel-IeHHOMy 3alCOH~. KpoMe TOrCi CyiWCTByeT HeCXOIIbKO CIleI.l&WieCKHX 

pS%IIeHtik B CJIyYae HeCTaLlUOHapHOti c~06OAHoli KOHBeKUIIM y IInaCTHH El UOpliCTOii CpeAe. AJIR 

yCTO89HBOir TepMUYeCKA CTpaTH&iLQipOBaHHOk CpeAbl aBTOMOAeJIbHbIe peJ.UeHHP CyIUeCTByEoT 

TOJlbKO AJI5ICTaUUOH?lpHOZiCB060~HOZiKOHBeKUUUyBepTHKaJIbHblX I’InaCTUH. 


